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Abstract
In this paper, we investigate positive solutions to the doubly degenerate parabolic
equation not in divergence form with gradient term ut = um div(|∇u|p–2∇u) + λuq +
γ ur|∇u|p, subject to the null Dirichlet boundary condition. We ﬁrst establish the local
existence of weak solutions to the problem, and then determine in what way the
gradient term aﬀects the behavior of solutions. The conditions for global and
non-global solutions are obtained with the critical exponent rc =
pm–q
p–1 . Here we
introduce some precise technique for the ‘concavity method’ to deal with the diﬃcult
non-divergence form of the model.
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1 Introduction





ut = um div(|∇u|p–∇u) + λuq + γur|∇u|p, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
(.)
where  ⊂ RN is a bounded domain with smooth boundary ∂, m ≥ , p > , q ≥ m,
r ≥m – , γ > , λ > , and u(x) ∈ C()∩W ,p (), u(x) >  in .
There has been much work contributed to the degenerate parabolic equations not in




ut = upu + uq, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
(.)
with p =  and q = p +  = , for which it was shown that, for suﬃciently large domains,
the solutions of (.) must blow up in ﬁnite time regardless of the size of the initial value.
The more general situation with p >  and q >  was studied byWiegner [, ]. We refer to
[] for more results on (.).
© 2016 Zhou et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
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ut = upu + uq + κur|∇u|, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
(.)
with p > , q > , r > –. Quite diﬀerently from the problem (.) without gradient term, it
was found that the additional gradient term can enforce blow-up in some cases, with the
critical exponent rc = p – q.




ut = um div(|∇u|p–∇u) + λuq, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
(.)
where m ≥ , p > , and they obtained the critical exponent qc = p + m – , namely, the
solutions are global if q < qc, and there exist both global and blow-up solutions if q > qc. In
the critical case q = qc, blow-up or not of solutions will be determined by the size of the
domain.




ut = udiv(|∇u|p–∇u) + γ |∇u|p, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
(.)
Zhou et al. proved the existence conditions of solutions [–].
Anatural question is inwhatway the additional gradient term in (.) aﬀects the behavior
of solutions. It will be shown that, depending on the complicated interaction among the
multi-nonlinearity parametersm, p, q, and r, the problem (.) admits the critical exponent
rc = pm–qp– , for which there is some substantial diﬃculty to be overcome due to the doubly
degenerate diﬀusion of non-divergence in (.). In particular, to treat the critical case r =
rc, we will introduce an auxiliary problem wt = f (w)(div(|∇w|p–∇w) + cwp–) with f (w) =
hm(w)h′(w)p– and h(s) solving an ODE problem. We will explore a ‘concavity method’
where some precise technique is necessary to deal with the diﬃcult non-divergence form
with the general f (w).




–div(|∇ϕ|p–∇ϕ) = λϕp–, x ∈ ,
ϕ > , x ∈ ,
ϕ = , x ∈ ∂,
(.)
with the corresponding eigenfunction ϕ ∈ C() ∩ W ,p (), normalized by ϕ >  in ,
‖ϕ‖∞ = .
2 Local existence of weak solutions
We begin with the local existence of solutions to (.). Denote
T = × (,T), ST = ∂ × (,T), 	T = ST ∪
{
 × {}},
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E =
{
u ∈ L∞(T );ut ∈ L(T );∇u ∈ Lploc(T )
}
,
E = {u ∈ E;u|∂ = }.
The following comparison principle will play a crucial role in the paper, the proof of which
can be found in [].
Lemma . Let L be the parabolic diﬀerential operator deﬁned by
Lu := ∂tu – f (x, t,u)u + g(x, t,u)
with continuous functions f and g , f ≥ . Let ui ∈ C(T )∩C,(T ), i = , , be such that
Lui is well deﬁned in T and
Lu ≤ Lu in T , u ≤ u on 	T .
Assume f and g are Lipschitz with respect to u in a neighborhood of ui(T ), i =  or , and
in addition either u < u on 	T or ∇ui ∈ L∞(T ). Then
u ≤ u in T .
Since (.) degenerates when u =  or |∇u| = , the problem does not admit classical
solutions in general. Here we deal with nonnegative weak solutions, deﬁned as follows.

















for all bounded test functions  ≤ φ ∈ C(T ). The weak supersolution is deﬁned by the
opposite inequality, and u is a weak solution of (.) if it is both a subsolution and a super-
solution to (.).




(uη)t = umη div{(|∇uη| + η)
p–
 ∇uη} + λuqη
+ γurη(|∇uη| + η)
p–
 |∇uη| in T ,
uη =  on ST ,
uη(x, ) = u(x) +  on ,
(.)
where  ∈ (, ). Denote the classical solution of problem (.) by uη . It is easy to prove
for ﬁxed η ≥  that uη ≥ , and uη is increasing in .
Lemma . For any  ∈ (, ), there exists a function u with u –  ∈ L∞(T ) ∩




ut = um div(|∇u|p–∇u) + λuq + γur|∇u|p, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x) + , x ∈ .
(.)
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Proof Step . A priori estimates for uη .
At ﬁrst it is easy to show that there exist T,M >  such that
‖uη‖L∞(T ) ≤M for all η ≥ .
In fact, let U solve
dU
dt = λU
q, U() = ‖u + ‖L∞()
in [,T). Set T = T/. Then
‖uη‖L∞(T ) ≤M =U(T) <∞ (.)
by comparison.
Choose s satisfying
s > C :=
{
γMr–m+ , r >m – ,
γ –m, r =m – .
Multiply (.) by usη , and integrate over T ,
∫
T





























 |∇uη| dxdt ≤ C = C(M, s,γ , ), (.)








 |∇uη| dxdt ≤ C. (.)
Integrate (.) over T . Noticing ∂uη∂n |∂ ≤ , by (.) and (.), we have
∫
T

















≤ C = C(C,M). (.)
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Step . Uniform integrability.
For any ε > , choose δ = εC with C to be deﬁned. Then for any measurable set E ⊂ ,
meas(E) < δ, there exists E˜ such that E ⊂ E˜ ⊂  with meas(˜E) < δ. Take ρ(x) ∈ C()
satisfying ρ(x) =  for x ∈ E, ρ(x) =  for x ∈  \ E˜, and  ≤ ρ(x) ≤ , ∇ρ(x) ≤ Cρα(x)
in  with p–p < α < . Refer to [] for such ρ . Multiply (.) by usηρ and integrate over













































































 |∇uη|ρ dxdt + σηC + c(σ )δ. (.)
Choose σ < εCη satisfying σCM
m+s













 T +CMm+s c(σ )
m+s–(m + s – γMr–m+ ) – σCMm+s
> . (.)












 |∇uη| dxdt < ε. (.)








∣dxdt < ε. (.)
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|∇uη|p dxdt ≤Mζ ε. (.)
Step . Convergence of uη .
By Dunford-Pettis theorem, we know from the inequalities (.), (.), (.), (.),
(.), and (.) that for any  ∈ (, ), there exist a subsequence of uη (denoted still by
uη) and a function u with u –  ∈ L∞(T )∩ Lp(,T ;W ,p ()), such that as η → ,
uη → u a.e. in T , (.)






|∇uη|p ⇀ |∇u |p in L(T ), (.)
uζη|∇uη|p ⇀ uζ |∇u |p in L(T ), (.)
where ⇀ denotes weak convergence, and
 ≤ u ≤M a.e. in T . (.)






































)(p–)/∇uη – um |∇u |p–∇u
















(|∇uη|p–∇uη – |∇u |p–∇u








)|∇u |p–∇u · ∇φ dxdt
= I + I + I.
Obviously, as η → , we have I →  due to p > , I →  by (.), and I →  because of








)(p–)/∇uη – um |∇u |p–∇u
) · ∇φ dxdt
→ , as η → . (.)
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urη|∇u |p – ur |∇u |p
)
φ dxdt → , as η → . (.)


























ur |∇u |pφ dxdt. (.)
Together with the initial and boundary conditions, we conclude that u is a weak solution
of problem (.). 
Theorem . Let u ∈ C() ∩W ,p () with p > . Then the problem (.) admits a weak
solution u ∈ E.
Proof From (.) and the comparison principle, u is bounded and increasing in . So,
u → u a.e. in T , as  → . (.)
Moreover, the estimate (.) is obviously true for η = , namely,
∫
T
um+s– |∇u |p dxdt ≤ C = C(M, s,γ ). (.)
On the other hand, set u := ce–ξ tϕ(x) for (x, t) ∈  × [,∞), with ϕ deﬁned by (.) and
ξ = cm+p– λ. Then
ut – um div
(|∇u|p–∇u) – λuq – γur|∇u|p ≤ ut – um div
(|∇u|p–∇u) ≤ . (.)
For anyK ⊂⊂ , let c be small such that cϕ(x) < u(x) onK . By the comparison principle,
u ≥ u in K × [,∞).
Since ϕ ∈ C() (see []) and ϕ >  in , there exists cK such that
u ≥ cK in K × (,∞). (.)
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Set n = {x ∈ ,dist(x, ∂) ≥ n }. Then n ⊂⊂ , and n →  as n → ∞. Together





|∇u |p dxdt ≤ C = C(M, s,γ ). (.)
Thus, there exists a subsequence  = k →  such that





It is easy to see the inequality (.) is still valid for uk when  is replaced by . So,
there exists a subsequence of k such that










|∇unk |p dxdt ≤ C = C(M, s,γ )
and





Similar to the above procedure, we see that the estimates (.)-(.) hold as well for unk


















For any φ(x) ∈ C(T ), there exists K ⊂⊂  such that φ =  in  \K . For such K , there


































urnk |∇u|p – ur|∇u|p
)







um–nk |∇unk |p – um–|∇u|p
)
φ dxdt → , as nk →  (.)







umnk |∇unk |p–∇unk – um|∇u|p–∇u
) · ∇φ dxdt → , as nk → . (.)




























um–nk |∇unk |pφ dxdt. (.)























In addition, u satisﬁes the initial and boundary conditions of (.) (in the sense of trace).
This proves that u is a weak solution of (.). 




K |∇u|p dxdt <
∞ for any K ⊂⊂ , namely, u ∈ L∞(T ) implies ∇u ∈ Lploc(T ). Let T∗ be the maximal
existence time of the solution u. We get the following proposition immediately.
Proposition . If T∗ <∞, then limt→T∗ ‖u(·, t)‖L∞() =∞.
Remark  It is mentioned that the uniqueness of such weak solutions to the problem (.)
cannot be ensured. In the rest of the paper, the solution of (.) always means the maximal
solution of (.), for which the comparison principle is valid.
3 Global existence and nonexistence of solutions
We discuss the existence and nonexistence of global solutions to the problem (.) in this
section, via a complete classiﬁcation on the parametersm, p, q as follows:
(a) q < p +m – , (b) q = p +m – , (c) q > p +m – .
Correspondingly, we have three theorems for them.
Theorem . Suppose q < p +m – .
(i) If r < pm–qp– , then all solutions are global and bounded.
(ii) If r > pm–qp– , then the solutions blow up for a large domain or large initial data, and
they are global for a small domain with small initial data.
(iii) If r = pm–qp– , the solutions blow up for a large domain and are global for a small
domain.
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We will prove Theorem . in ﬁve lemmas.
Lemma . Suppose q < p + m –  with r < pm–qp– . Then all positive solutions of (.) are
global and bounded.
Proof Let ψ ∈ C+β () solve –div(|∇ψ |p–∇ψ) =  in  with ψ |∂ = , β ∈ (, ) [].
The condition q < p +m –  with r < pm–qp– impliesm – r >
q–m
p– . Choose α ∈ (, ) such that
q–m
p– < α <m – r. Let w =M +Mαψ(x), withM ≥  to be determined. Then
wt –wm div










≥ wm[Mα(p–) – c(Mq–m +Mαp+r–m)]
with some c > . Due to the choice of α, we have
q –m < α(p – ), αp + r –m < α(p – ).
Now let M >  be large enough such that u(x) +  < M in  and Mα(p–) – c(Mq–m +
Mαp+r–m) ≥ . Therefore, the comparison principle yields u ≤ w in  × (,∞). Letting
 → , we obtain u≤ w in  × (,∞). 
Lemma . Suppose q < p +m –  with r > pm–qp– . If  contains a ball with radius R large
enough, then all solutions of (.) blow up in ﬁnite time.
Proof Suppose for contradiction that for any R >  such  admits a global solution u to
(.) with suitable initial data u. Without loss of generality, assume BR() ⊂ . We ﬁrst
show that for any ﬁxedM > , there exists t >  such that u≥M in B × (t,∞).
Let R′ > R be such that BR′ ()⊂ . Set z := cφR′ , with c ∈ (,λ–

p+m––q
R′ ) small to be deter-
mined, λR′ and φR′ the ﬁrst eigenvalue and eigenfunction in the domain BR′ , normalized
by φR′ >  in BR′ , ‖φR′ ‖∞ = . Then
zt – zm div
(|∇z|p–∇z) – λzq – γ zr|∇z|p ≤ λR′cp+m–φp+m–R′ – cqφqR′ ≤ 
in BR′ ()× (,∞). Since u >  in , u ∈ C(), choose c small enough such that u +  >
cφR′ in BR′ . By the comparison principle, u ≥ z = cφR′ in BR′ . Furthermore, there exists
c >  small such that u≥ c in BR()× (,∞), due to φR′ >  in BR′ and φR′ ∈ C(BR′ ) with





, (x, t) ∈ BR()× (,∞),
where y(t) is a nondecreasing positive function on [,∞) to be determined with suitable
δ > . A direct computation yields
vt – vm div
(|∇v|p–∇v) – λvq – γ vr|∇v|p
≤ y′(φR(x) + δ
)
+ λRyp+m–(φR + δ)mφp–R – yq(φR + δ)q
=: L + L – L in BR()× (,∞),














= λRyp+m––q(φR + δ)m–qφp–R ≤ λR(y)p+m––q.




, and choose y and δ such that y ≤ c , δ ≤ min{ cyR , }, and y′ ≤ δ
q–
 yq,
y() = y, and y(t)↗ yR as t → ∞.We have v≤ u on {t = } and ∂BR().Moreover, LL ≤  ,
L
L ≤  . By comparison, u ≥ v, and hence u≥ v in BR()× (,∞).
For any ﬁxed M > , choose R >  large such that yRφR ≥ M in B, and hence y(t) ≥

yRφR for some t > . Consequently,
u≥ v≥ yRφR ≥M in B × (t,∞). (.)
For n ∈ N with n > max{p, pqr(p–)–pm+q }, choose  ≤ θ ∈ C(B) such that
∫
B θ
n dx = .





uθn dx = –m
∫
B
um–θn|∇u|p dx – n
∫
B








=: –I – I + I + I. (.)
Since r > pm–qp– >
pm–p–m+




urθn|∇u|p dx≤  I, t > t, (.)
providedM ≥ ( m
γ
) r+–m . By Young’s inequality,
I ≤ n γn
∫
B










upm–r(p–)θn–p|∇θ |p dx. (.)
If r ≥ pmp– , by (.), (.), withM > , we have












θn–p|∇θ |p dx, t > t. (.)
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In the case r < pmp– , due to r >
pm–q
p– implying β :=
q
















′ |∇θ |pβ ′ dx (.)




It follows from (.)-(.) that
I ≤  I +

 I +
λ(r(p – ) – pm + q)
(pm – r(p – )) ·








n– pqr(p–)–pm+q |∇θ | pqr(p–)–pm+q dx. (.)































n–p|∇θ |p dx, r ≥ pmp– .
ChooseM ≥ max{( m
γ



















q > C. (.)
We conclude from (.) and (.) that
∫
B uθ
n dxmust blow up in ﬁnite time. 
Lemma . Suppose q ≤ p +m –  with r > pm–qp– . Let u = bω with ω ∈ W ,p () ∩ C()
and ω >  in . Then there is b >  such that the solution u of (.) blows up in ﬁnite time
provided b≥ b.
Proof Suppose for contradiction that u is global with u ≥ bω for any b > . Pick n and
M deﬁned in the proof of Lemma .. Let  contain a ball with radius R, without loss
generality, BR() ⊂ . It suﬃces to show there exists t >  such that u ≥ M in BR/ ×
(t,∞).
For σ > max{ pp– , p(r+–m)(p–)r+q–pm }, set w(x) := δe–z for x ∈ BR() with z := |x|
σ
R–|x| and δ >  to
be determined. For x ∈ BR(), we have
wm div
(|∇w|p–∇w) + λwq + γwr|∇w|p
= δp+m–e–(p+m–)z |x|
σp–σ–p(σR – (σ – )|x|)p–
(R – |x|)p
{
(p – )|x|σ (σR – (σ – )|x|)
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– n
(
R – |x|)(σR – (σ – )|x|) – |x|(R – |x|)(σR – (σ – )|x|)
– σ (σp – σ – p)
(
R – |x|) – (p – )|x|(R – |x|)}
+ λδqe–qz + γ δr+pe–(r+p)z |x|
p(σ–)(σR – (σ – )|x|)p
(R – |x|)p .
Denote
f (s) := (p – )sσ
(











σR – (σ – )s
)

– σ (σp – σ – p)
(
R – s
) – (p – )s
(
R – s
), s ∈ [,R].
Then there exists K >  such that |f (s)| ≤ K for s ∈ [,R]. Due to f (R) = (p – )pRσ+p > ,
there exists c ∈ (  , ) such that f (s)≥  in [cR,R], and hence
wm div
(|∇w|p–∇w) + λwq + γwr|∇w|p ≥ , |x| ∈ [cR,R].
For the above σ with r > pm–qp– , set
l ∈
(p +m –  – q
σp – σ – p ,




Then there exists δ ≥  such that c = δ–l ∈ (,  ) for all δ ≥ δ. Hence, there exists δ ≥ δ
such that
wm div



















≥ , |x| ∈ [, cR], δ ≥ δ.
Furthermore, there is δ ≥ δ such that
wm div
(|∇w|p–∇w) + λwq + γwr|∇w|p
≥ |x|
σp–σ–p(σR – (σ – )|x|)p–
(R – |x|)p
{






σp–σ–p(σR – (σ – )|x|)p–
(R – |x|)p
{





≥ , |x| ∈ [cR, cR], δ ≥ δ.
Finally, choose δ ≥ δ such that w(x)≥M in BR/. In summary, we obtain
wm div
(|∇w|p–∇w) + λwq + γwr|∇w|p ≥  in BR(),
and w(x)≥M in BR/.
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Let b >  be large such that bω ≥ w in BR(). By the comparison principle, we have
u ≥ w in BR()× (,∞). Hence u(x, t)≥ w(x)≥M in BR/ × (,∞).
The rest of the lemma can be proved by the same arguments as those for Lemma ..

Lemma . Suppose q < p +m –  with r ≥ pm–qp– . Then all positive solutions of (.) are
bounded, if  is contained in a ball with radius R small.
Proof Without loss of generality, assume ⊂ {x ∈RN |R < x < R}. Set z := Kxκ for (x, t) ∈
 × (,∞), with K >  and  < κ <  to be determined. A simple calculation yields
zt – zm div
(|∇z|p–∇z) – λzq – γ zr|∇z|p





=: L – L – L.
Noticing r ≥ pm–qp– >m – , we have
L
L
= γ κ(p – )( – κ)K
r–m+xκ(r–m+)
≤ γ κ(p – )( – κ)K
r–m+(R)κ(r–m+)
≤ ,
provided K = ( (p–)(–κ)γ κ )

r–m+ (R)–κ .













= (p – )( – κ)κp–K
q–(p+m–)xqκ–mκ–(p–)(κ–)+




z = Kxκ ≥





on the parabolic boundary of  × (,∞) due to the choice of κ . We conclude that z is a
time-independent supersolution of (.). 
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Lemma . Suppose q < p+m– with r = pm–qp– . Then all solutions of (.) blow up in ﬁnite
time provided  large enough.
Proof The lemma will be proved in three steps.









(p – )h(v)mh′(v)p–h′′(v) + γhr(v)h′(v)p
]|∇v|p. (.)




β (s), h() = 




(|∇v|p–∇v) + γh(p–)(–β)(v)e λβ hβ (s)).
Set g(v) = h(p–)(–β)(v)e
λ
β
hβ (s). Similarly to the proof of Theorem . in [], we can ﬁnd
constants v ≥  and c > , only depending on β , λ, and γ , such that
g(v)≥ c(v + )p– for v≥ v. (.)






in  × (t,T)
whenever v≥ v.




wt = f (w)(div(|∇w|p–∇w) + cwp–), (x, t) ∈  × (,T),
w(x, t) = , (x, t) ∈ ∂ × (,T),
w(x, ) = w(x), x ∈ ,
(.)
with f (w) = hm(w)h′(w)p–. We claim that w blows up in ﬁnite time for any initial data
w >  provided  large such that λ < c.
We prove the claim by using the so-called ‘concavity’ method. Deﬁne
E (w) = p
∫

|∇w|p dx – cp
∫









f () d with f () = hm()h′()p–. Such  is well deﬁned. In fact, since
h() = , there exists  >  such that h′() = e–
γ
β(p–) h
β () ≥  for  ∈ [,]. Set h() =
(α ln( + ))























α ln( + )
) –β
β ( + )
αγ
β(p–) –.
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Choose  = min{, e β
β
–β
α –}. We have (α ln( + )) –ββ ≤ β for  ≤  ≤ . Since  < α <
β(p–)
γ
implies ( + )
αγ







≤  for  ∈ [,].
Hence, by the comparison principle with h() = h() = , we obtain


















β ( + )
d <∞,




f () d is well deﬁned.





f (w)wt dx = –pE (w)
and
















































– p (t)≤ .






|∇w|p dx – cp
∫


















∥w(·, t)∥∥L∞() =∞. (.)
Let ϕ >  in  be the ﬁrst eigenfunction of (.). We have, for any k > ,




∣∇(kψ)∣∣p dx – cp
∫

(kψ)p dx = λ – cp
∫

(kψ)p dx < ,
provided  large such that the ﬁrst eigenvalue λ < c. Choose k small enough such that
w ≥ kψ . Then w blows up in ﬁnite time by comparison.
Step . By the assumption, contains a closed ball with radius R. Let BR()⊂ , without
loss of generality. Suppose there is initial value u >  such that the solution u is global in
time. Then we can show in a way similar to the proof of Lemma . that there is t > 
such that u ≥ M > f (v) for (x, t) ∈ B × (t,∞), and hence v ≥ f –(u) ≥ f –(M) ≥ v in
B × (t,∞). Therefore v is a non-global supersolution of (.) in B × (t,∞) by Step .

Theorem. Suppose that q > p+m–.Then the solutions of (.) blow up for large initial
data and are global for small initial data.
Proof Let ψ solve –div(|∇ψ |p–∇ψ) =  in  with ψ |∂ = . Since q > p +m –  implies
pm–q
p– <m – ≤ r, it follows that p–q–m < m–r whenm > r. Fix δ >  such that
p – 
q –m < δ < min
{ 
m – r , 
}
form > r, (.)
and set
w = μδ +μψ(x), (x, t) ∈  × (,∞),
with μ ∈ (, ) small to be determined. A simple calculation yields
wt –wm div
(|∇w|p–∇w) –wq – γwr|∇w|p = μp–wm –wq – γμpwr|∇ψ |p.






μ–p ≤ μ(q–m)δ–p+( + ‖ψ‖L∞()
) ≤ ,





)r–m|∇ψ |p ≤ γμ–(m–r)δ|∇ψ |p ≤ 
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)r–m|∇ψ |p ≤  (.)
for μ small. In one word, there exists μ >  small enough that w is a time-independent
supersolution provided u < μδ +μψ .




ut = um div(|∇u|p–∇u) + λuq, (x, t) ∈  × (,T),
u = , (x, t) ∈ ∂ × (,T),
u(x, ) = u(x), x ∈ ,
the solutions of which blow up in ﬁnite time for large initial data []. By the comparison
principle, the solutions of (.) blow up as well for large initial data. 
Theorem . Suppose q = p +m – .
(i) If r >m –  = pm–qp– , there exist both global and non-global solutions.




p , all solutions of (.) blow up in ﬁnite
time. If λ ≥ λ( γ+p–p– )
(p–)
p , the solutions are global and bounded.
Proof (i) It follows fromLemma . immediately that the solutions of (.) blow up in ﬁnite
time for large initial data.
Next, we will show the solutions are global for small domain and small initial data. Let
 be small with λ() > λ, and choose ˜ with  ⊂⊂ ˜ such that λ˜ := λ(˜) > λ (see []).
Normalize ϕ˜, the eigenfunction corresponding to λ˜, by ϕ˜ >  in ′, ‖ϕ˜‖L∞(˜) = . Then
ϕ˜ ≥ ρ in  for some ρ > .
Deﬁne w = aϕ˜b with a = ( (–b)(p–)bγ )

r–m+ , b ∈ (λ/λ˜, ). Then
wt –wm div
(|∇w|p–∇w) – λwq – γur|∇w|p
= wm
[
(ab)p–λ˜ϕ˜(b–)(p–)+(p–) – (b – )(p – )(ab)p–ϕ˜(b–)(p–)–|∇ϕ˜|p







– (ab)p–ϕ˜(b–)p–b|∇ϕ˜|p((b – )(p – ) + γ bar–m+ϕ˜b(r–m+))]
≥ .
If in addition u is small such that ‖u‖L∞() < aρb, then u ≤ w in  × (,∞) by the
comparison principle. Thus u≤ w in  × (,∞).




) with α = γp– +  and β = α
p–
p , we transform (.)




vt = vm div(|∇v|p–∇v) + λvp+m–, (x, t) ∈U × (,αT),
v = , (x, t) ∈ ∂U × (,αT),
v(x, ) = uα(x), x ∈U ,
(.)
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where m = α+m––(α–)(p–)α , U = {βx|x ∈ }. We know from Theorem . of [] that all
positive solutions of (.) are global and bounded if λ(U) ≥ λ, and so do the positive
solutions of (.) whenever
λ := λ() = βλ(U)≥ λβ = λ
(





Also by Theorem . of [], similarly, if λ < λ( γ+p–p– )
(p–)
p , all solutions of (.) blow up in
ﬁnite time. 
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